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A useful topological mode1 for a group G is a connected CW’-complex K such that 
I[ t(K) z G and n;(K) z 0 for i > 1. Such a cell complex (which always exists) depends, 
up to homotopy type, only on G; thus, one usually writes K=K(G, 1). The 
observation that the homology and cohomology of K depends only on G (in fact, is 
equal to that of G) was part of the beginning of homological algebra [12, p. 1371. 
It is well known that a group G is finitely generated if and only if there is a K(G, 1) 
with a finite l-skeleton. Likewise, a group G is finitely presented if and only if there 
is a K(G, 1) with a finite 2-skeleton. This suggests an infinite sequence of increasingly 
more restrictive finiteness conditions on a group G. 
F(n): There is a K(G, 1) with a finite n-skeleton. 
We say that a group is of type F(n) if it satisfies the finiteness condition F(n). In 
this paper we give a characterization of groups of type F(n) (n 2 3). For example, we 
define a group to be finitely idenfified if it has a finite presentation such that there is 
a finite complete set of identities for the defining relators. Heuristically, an identity 
is to relators as a relator is to generators. We show that a group is of type F(3) if and 
only if it is finitely identified. 
Our work was motivated by a paper of John Stallings [17] in which he gives an 
example of a finitely presented group G with the property that if K is any finite cell 
complex with n,(K) z G, then nz(K) is an infinitely generated n,(K)-module. Before 
Stallings’ paper it was thought that the second homotopy group of a finite cell 
complex K should be finitely generated as a n,(K)-module. Whether or not x2(K) is 
finitely generated depends only on n,(K). We show that finitely identified groups 
are precisely the finitely presented groups with finitely generated second homotopy 
modules. Thus Stallings’ group is not finitely identified. 
In this same vein, we show that the groups of type F(4) are the finitely presented 
groups with finitely presented second homotopy modules. In contrast to Stallings’ 
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example we give an example of a finitely presented group G with the property that if 
K is any finite cell complex with n,(K)zG, then x2(K) is a finitely generated 
infinitely related z,(K)-module. 
In general, we show that a group G is of type F(n) (nr3) if and only if G is 
finitely presented and is of type (FP),, that is, the trivial G-module Z has a 
resolution by projective G-modules 
a, 4 E . . . -P~-iP,-P~-z-o 
such that P; is finitely generated for icn. 
Following Wall [20], we say that a group is of type F if it is of type F(n) for all n. 
As an application, we prove that every finitely generated 3-manifold group and 
every finitely generated discrete subgroup of SL(2, C) is of type F. 
In Section 1 we review identities among relators. In Section 2 we give the precise 
definition of a finitely identified group and look at some examples. In Section 3 we 
give our characterization of groups of type F(3). In Section 4 we give our charac- 
terization of groups of type F(n) for nr4. In Section 5 we look at the closure 
properties of groups of type F(n), and prove that every finitely generated 3-manifold 
group and every finitely generated discrete subgroup of SL(2, C) is of type F. 
In this paper the commutator of x and y is [.Y, y] =,ryx-‘y-l. All cell complexes 
are assumed to be connected, and all K(G, 1) spaces are CW-complexes. 
1. Identities among relators 
Let G be a group with a presentation (X; R). This means that there is an epi- 
morphism from the free group on the set X to G 
a, 
F(X) - G 
such that N= ker 8, is the normal closure of the set R in F(X). 
Let F(X; R) be the free group on the set F(X) x R. Define a, : F((x; R)*F(X) by 




A typical element of F(X; R) is of the form n:=, (u;,T,)&~ with U, EF(X), rie R and 
E, = + 1. Notice that this element is in the kernel of a, if and only if we have the 
identity n:=, u;r:‘u,~i = 1 among the relators r,, . . . ,I-,. For this reason, I= ker a2 is 
called the group of identifies among the defining relators R. 
Renee Peiffer [13] studied certain trivial identities that are always present, for 
example (1, r)(l,s)(l, r)-‘(r,s)-’ corresponding to rsr-‘(rs-‘r-l) = 1. The totality of 
these trivial identies is the normal closure P of the set 
{(u,r)(u,s)(u,r)-‘(m-‘u,s)-’ Iu,uEF(X),~,SER} 
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in F(X; R). The group P is called the group of Peiffer identities. The quotient I/P 
measures the extent of the nontrivial identities. 
J.H.C. Whitehead [22] showed that the quotient I/P has topological significance. 
Notice that F(X) acts on F(X; R) by U. (u, r) = (uu,~). This action induces the 
structure of a G-module on Z/P. Whitehead proved that the G-module Z/P is 
isomorphic to the second homotopy group of the 2-dimensional CW-complex 
K(X; R) which models the presentation [9, p. 3351. Thus the quotient I/P also 
measures the sphericity of the presentation (X; R). 
Let K’ be the l-skeleton of K=K(X; R). Whitehead showed that there are natural 
isomorphisms such that the following diagram commutes: 
0- I/P -F(X; R)/P- F(X) - G -1 
I1 I1 I1 It 
o- n*(K) - n#,K’) --% n,(Kl) - n,(K) - 1 
If we pass to the universal cover R of K we have isomorphisms such that the 
following diagram commutes: 
0- I/P -F(X; R)/P- N -I 
Let C= F(X; R)/P. When we pass to homology, we have 
0- I/P - C’,, - Nab - 0 
1) II _ It 
o-H2~R~-H:~RR~)~Hl(jZ1)-0 
Now consider the cellular chain complex of a: 
The boundary a2 factors into 
~~(~,R’)~H,(~l)-~,(~l,IZO). 
The second homomorphism is a monomorphism. Thus the boundaries 8, and 3, 
have the same kernel, and we have a commutative diagram 
O-I/P- C,, -Nab-O 
If 11 It 
o-H2(~)----+H2~~,R1)~bn a*---+0 
The cellular chain complex of R is naturally equivalent to the start of the Lyndon 
resolution [I I]. 
@ (hG)+ 
a, B 
@ (ZG),- ZG - if. 
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Here ~3, is defined by the matrix (x- l), and 13, is defined by the matrix of Fox 
derivatives (ar/ax). Thus we have a commutative diagram 
o- I/P - c,, - Nab - 0 
Roger Lyndon [l l] showed that the isomorphisms are induced by the homomor- 
phism F(X; R)+ BrrR (ZG), defined by (u, r) - u; where r^ is the unit vector. This 
gives a natural isomorphism from I/P to the kernel of 
One should compare this section with $2 of Trotter [19]. For a thorough discussion 
of identities among relators, see Brown-Huebschmann [8]. 
2. Finitely identified groups 
Let G be a group with a presentation (X; R), and let I be the group of identities 
among the defining relators. A subset S of I is called a complete set of identities for 
the defining relators if the elements of S represent a set of generators of the 
G-module Z/P. We say that G is finitely identified if it has a finite presentation such 
that there is a finite complete set of identities for the defining relators. 
Note that if one finite presentation of G has a finite complete set of identities, 
then every finite presentation of G has a finite complete set of identities, since, by 
Tietze’s theorem on the equivalence of presentations, the second homotopy groups 
of the models of the finite presentations of G are all stably equivalent. Thus the 
property of being finitely identified depends only on the abstract group G and not 
on a particular presentation. 
We present some examples. 
(1) Let G = (X; r) be a finitely generated one-relator group. Let r = q” where q is 
the root of r. Lyndon [l l] showed that the kernel of a2: ZG --* @.reX (HG), is 
generated by q - 1. Notice that (q,r)(l, r)-’ is an identity, since (qrq-‘)r-‘= 1; 
moreover, (q,r)(l, r)-l is mapped to q- 1 by the Lyndon homomorphism. There- 
fore, G = (X; r) is finitely identified by the single identity (q, r)( 1, r)-‘. 
(2) Let G be a finite group. Then G has a finite presentation (X; R). Let i? be the 
universal cover of K(X; R). Then I? is a finite cell complex. Hence n?(K) =172(R) 3
H2(R) is a finitely generated abelian group. Thus G is finitely identified. 
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(3) Consider the presentation (x, y; x2, [x, y]) for B2 x Z. The matrix for a2 is 
To compute the kernel of a2, consider the equation 
(u u) ( 1+x 0 I+y x-l > =(O 0). 
This is equivalent o the system 
I 
(u(1 +x)+u(l -y)=O, 
U(X- l)=O. 
Thus IJ = b(x + 1) [ 11, Lemma 9. l] and (1-t x)(u + b( 1 -y)) = 0. Hence u + b( 1 -y) = 
a(x- 1). Therefore (u, u) = a(x- 1,O) + b(y - 1, x+ 1). This shows that the kernel of 
a2 is generated by (x- LO) and (y - 1, xf 1). Notice that 
(x,x2)(1, x2)-’ and (Y, x2)(1, x2)-‘(x, ix, ul>(L [x9 YI) 
are identities, since (xx~x-‘)x-~= 1 and (y~~y-‘)x-~(x[x, y]x-‘)[x, y] = 1; moreover, 
(x,x2)(1,x2)-’ is mapped to (x- LO) and (y,x2)(1,x2)-‘(x, [x, y])(l, [x, y]) is mapped 
to (y - 1, x+ 1) by the Lyndon homomorphism. Therefore 
{(X,X2)(1? x2>-‘, (Y, x2)(l, x2)-‘(x, k Yl)(L LT Yl)} 
is a complete set of identities for x2 and [x, y]. Thus Z2 x Z is finitely identified. 
(4) Consider the presentation (x, y, z; [x, y], [y, t], [t, x]) of G = H x Z x Z. The 
group G acts on Euclidean 3-space R3 by translation. A fundamental domain for the 
action of G is the unit cube Z3. The orbit space fR3/G is the 3-dimensional torus 
K=S’ xS’ x S’. The universal cover of K is lR3 with G the group of covering 
transformations. Now n2(K2) z n2(K2) zH2(K2) where K2 is the union of all planes 
in lR3 parallel to thexy, yz, orzx-planes passing through integral points. It is clear that 
H2(K2) is a free G-module of rank one generated by the cycle consisting of the six 
faces of the cube 13. This cycle gives the identity 
[X,YlY[Z,xl-‘y-‘[Y,Zlt[x,YJ-‘t-‘[Z,xlx[Y,zl-’x-‘= 1. 
Thus G = (x, y, z; [x, y], [y, z], [t, x]) is finitely identified by the single identity 
(1, k YMY, k, -w’(~, iv, zl)(t, b, vl)-‘(l, k, xl>(x9 [Y~tD-‘. 
(5) Let G be a discrete torsion-free group of isometries of hyperbolic 3-space lH3 
with a compact fundamental polyhedron P in IH 3. The orbit space IH3/G is a closed 
connected 3-manifold M, and the universal cover of M is IH3 with G the group of 
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covering transformations. The finite presentation of G = n,(M) determined by the 
finite-sided polyhedron P is finitely identified by the single identity determined by 
the 2-cycle consisting of the faces of P. For example, consider the hyperbolic group 
G [15’] on six generators and the six relators 
A = abcde, B = efca-‘b-l, C = afdb-‘c-‘, 
D = bfec-‘d-‘, E = cfad-‘e-l, F= dfbe-‘a-‘. 
The fundamental polyhedron P of G is a regular hyperbolic dodecahedron with 
dihedral angle 2n/5. The orbit space M is obtained from P by identifying opposite 
faces with a 3n/5 twist. The group G is finitely identified by the single identity. 
(1, A)(e-‘d-‘e-‘f-‘e-l, B)-‘(e-‘d-‘e-‘, E) 
(e-‘a-‘f-‘a-‘, C)-‘(e-la-‘, F)(b-‘f -‘b-l, D)-’ 
(b-‘ec-‘e, A)-‘(b-l, B)(ac-‘f-‘c-‘, E)-’ 
(ac-‘, C)(abd-‘f -‘d-l, F)-‘(abd-‘, D) 
corresponding to the 12 faces of P. For other examples, see [4]. 
3. A characterization of groups of type F(3) 







G is finitely identified; 
G is of type F(3); 
G is of type (FP),; 
Every finite presentation of G has a finitely presented relation module; 
There is a finite presentation of G with a finitely presented relation module; 
If K is any finite cell complex such that n’(K) 3 G, then n2(K) is a finitely 
generated nl (K)-module. 
Proof. To see that (i) implies (ii), let (X; I?) be a finite presentation of G with a 
finite complete set of identities. Then K = K(X; R) is a finite 2-dimensional cell 
complex, and n2(K) is a finitely generated G-module. Hence, we may kill nz(K) by 
attaching a finite number of 3-cells to K to obtain a finite 3-dimensional cell 
complex L3 such that 7cz(L3)z0. By attaching higher dimensional cells to kill the 
succeeding homotopy groups, we obtain an aspherical CW-complex .L with a finite 
3-skeleton such that TI’(L)zG. Thus G is of type F(3). 
To see that (ii) implies (iii), let K be an aspherical CW-complex with finite 
3-skeleton such that nl(K)z G. Then the cellular chain complex of the universal 
cover of K gives a resolution of Z by free G-modules 
a3 a2 4 . . . - c 3-c~-c,-co~z-o 
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such that C, is finitely generated for i13. Thus G is of type (FP)3. 
To see that (iii) implies (iv), let (X; R) be any finite presentation of G. Then the 
cellular chain complex of the universal cover R of K(X; R) gives an exact sequence 
a, al 
0-H,(k?)-CCz*C,-Co~Z-O 
with C, a finitely generated free G-module for each i. Let 
a3 az 4 E . . . -P~-P~-P,-P~-z-o 
be a resolution of Z by projective G-modules such that P, is finitely generated for 
is3. Then we have the exact sequence 
a2 aI 
0-A-P2-P,-P&J!-0 
where A = Im a3 is finitely generated. By the long Schanuel lemma [2, p. 361 
H2(R)OP20C,0PoaAOC20P,0Co. 
This implies that Hz(R) is a finitely generated G-module. Observe that the exact 
sequence 
O-H,(~)-Cz-+H,(~‘)~O 
is a finite presentation of HI@‘), and H,(K’) is isomorphic to the relation module 
Nab of (X; R). Thus Nat, is a finitely presented G-module. 
To see that (v) implies (vi), let (X; R) be a finite presentation of G with a finitely 
presented relation module Nab. Then the cellular chain complex of the universal 
cover of K = K(X; R) gives an exact sequence 
a, 4 
0-Q(K)-C+C,-CO&!-O 
with C, a finitely generated free G-module for each i, and a finite presentation 
By Schanuel’s lemma, n*(K) is finitely generated. 
Now suppose L is a finite cell complex such that n,(L)aG, and let L’ be the 
2-skeleton of L. J.H.C. Whitehead [21, p. 2811 showed that n2(L) is obtained from 
nz(L2) by adding the relations corresponding to the attaching maps of the 3-cells of 
L. Thus we may assume that L is 2-dimensional. The cellular chain complex of the 
universal cover of L gives an exact sequence 
a2 aI & 
0-x2(L)-D2-D,-Do-Z-O 
with Di a finitely generated free G-module for each i. By the long Schanuel lemma 
nz(K)ODzOC,0Do~~,(L)OC20D,0C0. 
This implies that xl(L) is finitely generated. 
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To see that (vi) implies (i), let (X; R) be any finite presentation of G. Then 
n2(K(X; R)) is a finitely generated G-module. As f/P= nz(K), we have that G is 
finitely identified. 0 
Here are two examples of finitely presented groups which are not finitely 
identified: 
(1) John Stallings [17] showed that the group with the presentation 
(a,6,c,x,y; ~~,~l,~Y,~l,~.~,bl,~Y,6l,~~-‘x,Cl,[a-’Y,cl,~b-’~,~l~ 
is not of type (FP)s. By Theorem 1, Stallings’ group is an example of a finitely 
presented group which is not finitely identified. 
(2) Let p be a prime and consider the subgroup G of GL(4, H[$]) consisting of all 
upper triangular matrices (~7;~) with a;i > 0 and alI = uM = I. One sees easily that G is 
solvable and the center of G is isomorphic to the additive group of Z[$]. H. Abels 
[l] showed that G has a finite presentation with 5 generators and 13 relations. 
R. Bieri [6] proved that G is not of type (FP),. Thus G is not finitely identified. 
4. A characterization of groups of type F(n) (n 2 4) 
Theorem 2. Let G be a finitely presented group. Then the following are equivalent: 
(i) There is a finite 3-dimensional cell complex K such that z,(K) z G, nz(K) I 0, 
and nJ(K) is a finitely generated n,(K)-module; 
(ii) G is of type F(4); 
(iii) G is of type (FP)J; 
(iv) If K is any finite cell complex such that R,(K) 3 G, then n*(K) is a finitely 
presented n,(K)-module; 
(v) There is a finite presentation (X; R) of G such that nz(K(X; R)) is a finitely 
presented G-module; 
(vi) G is of type F(3), and if K is any finite cell complex such that n](K) I G and 
n*(K) z 0, then n3(K) is a finitely generated R ,(K)-module. 
Proof. To see that (i) implies (ii), let K be a finite 3-dimensional cell complex such 
that n,(K) s G, nz(K) 3 0, and n3(K) is a finitely generated G-module. Then we may 
kill x3(K) by attaching a finite number of 4-cells to K to obtain a finite 
4-dimensional cell complex L4 such that n;(L”)zO for i= 2,3. By attaching higher 
dimensional cells to kill the succeeding homotopy groups, we obtain an aspherical 
CW-complex L with a finite 4-skeleton such that n,(L) E G. Thus G is of type F(4). 
The proof of (ii) implies (iii) is the same as in Theorem 1. To see that (iii) implies 
(iv), let K be any finite cell complex such that xl(K) I G. By Theorem 1, the module 
n*(K) is finitely generated. Hence, we may attach a finite number of 3-cells to K to 
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obtain a finite cell complex L such that z?(L) z 0. Then the cellular chain complex of 
the universal cover L of L gives an exact sequence 
a3 a, 4 & 
0-H3(~3)-D3-DZ--;D,-D,,-Z-0 
with Di a finitely generated free G-module for each i. By the long Schanuel lemma 
H3(L3) is a finitely generated G-module. Observe that the esact sequence 
is a finite presentation of H2(L’). As Hz(L2) 3 rrl(KZ), we have that nl(K’) is a 
finitely presented G-module. Since n*(K) is obtained from nz(KZ) by adding the 
relations corresponding to the attaching maps of the 3-cells of K, we have that nl(K) 
is a finitely presented G-module. 
It is clear that (iv) implies (v). To see that (v) implies (vi), let (X; R) be a finite 
presentation of G such that n2(K(X; R)) is a finitely presented G-module. Then the 
cellular chain complex of the universal cover of K = K(X; R) gives an exact sequence 
6 aI 
0-nz(K)-C*-C,-C$+H-0 
with C; a finitely generated free G-module for each i. By Theorem 1, G is of type 
F(3). Now let L be any finite cell complex such that n,(L)z G and z?(L) SO. Then 
the cellular chain complex of the universal cover of L yields exact sequences 
a2 a, E 
0-nz(L2)-D2-D,-Do-Z-0, 
0 - n3(L3) - D3 - n2(L2) - 0 
where D, is a finitely generated free G-module for each i. By the long Schanuel 
lemma, rcl(K) and 7c2(L2) are stably equivalent; therefore, z2(L2) is also finitely 
presented. By Schanuel’s lemma, n3(L3) is finitely generated, whence n3(L) is 
finitely generated. 
To see that (vi) implies (i), let K be a K(G, 1) with a finite 3-skeleton. Then K’ has 
the property that nl(K3)zG and 7r2(K3)a0. Therefore n3(K3) is a finitely 
generated G-module. 0 
Here are some examples: 
(1) The group Z is of type F; however, n3(S’vS2) is an infinitely generated Z(Z)- 
module. This shows that the hypothesis n2(K)z0 cannot be dropped from 
condition (vi) of Theorem 2. It is well known that zz(S’vS’) zZ(Z). 
(2) In [5], Bieri shows that the group A, (nz2) defined by the presentation 
(a, x I9 .*.rXn?Yl, . . ..yn. 
x,ax;’ = . . . -I =x,ax;’ =ylayl = .a. =y,ay,‘, 
[xi, .ql (i <ih [xi, yjl Ufj), [yi, Y,I (i<A) 
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is of type (FP),, but not of type (FP),, ,. Note that Al is Stallings’ group. By 
Theorem 2, A3 has the property that if K is any finite cell complex with n,(K)sAs, 
then n*(K) is a finitely generated rc,(K)-module which is not finitely presented. 
(3) In [ 181, Swarup gives a finite presentation of the second homotopy module of 
a closed orientable 3-manifold. Therefore, the fundamental group of a closed 
orientable 3-manifold is of type F(4). In fact, we will prove in Section 5 that every 
finitely generated 3-manifold group is of type F. 
By generalizing the proof of Theorem 2, one readily proves the following 
theorem. Compare with K.S. Brown [7] and C.T.C. Wall [20]. 
Theorem 3. Let G be a finitely presented group, and suppose n 24. Then the 
following are equivalent: 
(i) There is a finite (n - 1)-dimensional cell comp1e.x K such that n,(K)z G, 
xi(K)=0 for 1 <i<n - 1, and n,_,(K) is a finitely generated n,(K)-module; 
(ii) G is of type F(n); 
(iii) G is of type (FP),; 
(iv) G is of type F(n - 2), and if K is any finite cell complex such that x1(K) z G 
and n;(K) 3 0 for 1 < i< n - 2, then TC, _z(K) is a finitely presented n,(K)-module; 
(v) There is a finite (n - 2)-dimensional cell complex K such that R,(K) 3 G, 
n;(K)=0 for 1 <i< n - 2, and n,-*(K) is a finitely presented n,(K)-module; 
(vi) G is of type F(n - l), and if K is any finite cell complex such that rt ,(K) z G, 
n;(K)%0 for 1 <icn - 1, then n,_,(K) is a finitely generated z,(K)-module. Cl 
5. Closure properties of groups of type F(n) 
Using the arguments in Bieri [5, Chapter I], Theorem 3, and the fact that the class 
of finitely presented groups is closed under extensions, one readily proves the 
following two theorems. 
Theorem 4. Let N*G -Q be an extension of groups. 
(i) If N is of type F(n- 1) and G is of type F(n), then Q is of type F(n); 
(ii) If N and Q are of type F(n), then G is of type F(n). 0 
Theorem 5. Let H be a subgroup of finite index in a group G. Then G is of type F(n) 
if and only if H is of type F(n). 0 
The next closure theorem is natural and obvious from our topologically 
viewpoint. 
Theorem 6. Let H be a retract of a group G. Then H is of type F(n) if G is of type 
F(n). 
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Proof. Let p : G -H and j : H-G be homomorphisms such that p 0 j= idH. Let K 
be a K(G, 1) with a finite n-skeleton, and let L be a K(H, 1). The homomorphisms p 
and j are realized by maps f :K-L and g:L -K such that f zg= idL. Thus L is 
dominated by K. By a theorem of Wall [20, p. 581, L is homotopy equivalent to a 
CW-complex with a finite n-skeleton. 0 
Again, using the arguments in Bieri [5], one proves the following theorem. 
Theorem 7. (i) Let G, *H G2 be a free product with amalgamation. If G, and G2 are 
of rype F(n) and H is of type F(n - l), then G, *H G2 is of type F(n); 
(ii) Let G *” be an HNN-e.utension. rf G is of type F(n) and H is of type F(n - I), 
then G *” is of type F(n). 0 
We say that a group G is of finite type if G has a K(G, 1) with a finite number of 
cells in each dimension. By Wall’s finiteness theorem [20], a group is of finite type if 
and only if it is of type F. It follows from Theorems 4-7 that the class of groups of 
finite type is closed with respect to: extensions, subgroups of finite index, retracts, 
free products with amalgamation and HNN-extensions. This implies that the class 
of groups of finite type includes the following classes of groups: 
1. finite groups, 
2. finitely generated free groups, 
3. polycyclic groups, 
4. finitely generated one-relator groups, 
5. finitely generated Fuchsian groups. 
This list includes all finitely generated 2-manifold groups, More generally, we 
prove that every finitely generated 3-manifold group is of finite type. This is the best 
possible result for manifold groups, since every finitely presented group is a 
4-manifold group. 
Theorem 8. Every finitely generated 3manifold group is of finite type. 
Proof. Let G be a finitely generated fundamental group of a 3-manifold possibly 
with boundary. By a theorem of P. Scott [14], G is the group of a compact 
connected 3-manifold M possibly with boundary. If M is not orientable, then M has 
a 2-fold cover Ma which is orientable. The group of Ma is isomorphic to a subgroup 
Go of G of index two. By Theorem 5, G is of type F if and only if Go is. Thus we may 
assume without loss of generality that M is orientable. 
By the prime decomposition theorem [lo, p. 311, A4 is a connected sum 
M,# ..-#M, of a finite number of prime 3-manifolds. Let G; be the group of M,. 
Then GzG, * .a. *Gk. By Theorem 7, G is of type F if each G; is. Thus we may 
assume that M is prime. If G is finite, then G is of type F. Thus we may assume that 
G is infinite. 
Case 1: n:(M) is trivial. Let fi be the universal cover of M. Then ns(M)= 
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n3(A) rN3(‘@) = 0, since J? is not compact. Therefore ‘M is aspherical. Thus M is a 
finite K(G, 1); and so G is of finite type. 
Case II: nz(M) is nontrivial. By the sphere theorem [ 10, p. 401, Int M has an 
embedded 2-sphere which does not separate M. Therefore MzS’xS’ [lo, p. 271. 
Hence GzZ; and so G is of finite type. It follows that every finiteIy generated 
3-manifold group is of finite type. C 
Corollary 1. Every finitely generated iscrete subgroup of SL(2, C) is offinite type. 
Proof. Let G be a finitely generated discrete subgroup of SL(2,C). By a lemma of 
Selberg [16], G has a torsion-free subgroup Go of finite index. Since G is of finite 
type if and only if Go is, we may suppose without loss of generality that G is torsion- 
free. Then G acts freely on hyperbolic 3-space lH3, and M= lH’/G is a 3-manifold. 
By Theorem 8, we have that G = n,(M) is of finite type. q 
Corollary 2. Every finitely generated discrete subgroup of PSL(2,C) is of finite 
type. 
Proof. Let G be a subgroup of PSL(2, C). Then there is a subgroup d of SL(2, C) 
such that 6/{ kI} =G. Therefore, Corollary 2 follows from Corollary 1 and 
Theorem 4(i). c1 
A Kleinian group is a discrete subgroup of PSL(2, C) with a nonempty domain of 
discontinuity in C U { ~1. Therefore, we have: 
Corollary 3. Every finitely generated Kleinian group is of finite type. 
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